ABSTRACT. We consider a family of conjectures due to Witten which relate the Miller-Morita-Mumford cohomology classes to explicit cycles in a certain cell-decomposition of the moduli space of punctured Riemann surfaces. A version of the first of these conjectures is proved here, and the computational geometric proof leads directly to Rogers' version of the dilogarithm and its Abel-Spence functional equation.
INTRODUCTION
Let M. = M s g denote the uncompactified moduli space of Riemann surfaces of genus g with s > 1 punctures (so the real dimension of M is N = 65-6+25), as we know, extend reasonably to a true cell-decomposition of M.. Thus, we shall be forced to consider cycles of non-compact support in our "celldecomposition" of M which are expressed as rational linear combinations of interiors of simplices in this "cell-decomposition".
In fact, Witten describes for each iV > 2i > 2 an explicit closed rational (N -2i)-cycle [W^i] of non-compact support in our "cell-decomposition" of M and makes the CONJECTURE 0.1 (WITTEN) . «» is a constant multiple of the Poincare dual of [W2i] on M, for each i > 1.
Remark 0.1. Witten proposed a proof of these conjectures using Chern-Weil theory, and there is actually a natural section to the fiberwise cotangent bundle of the universal curve in the current context. A difficulty with this approach, however, is that the natural section is not generic, and this renders the calculations awkward. Though this difficulty is presumably superable, the approach in this paper is more analytic and depends on the underlying hyperbolic geometry.
According to [W2] , the Weil-Petersson Kahler two-form a; is a representative (actually, the harmonic representative) of 27r 2 Ri on Ai, and we now let Ki =
UJ/{2 / K
2 ) denote this form on M. Our main result (which is a weakening of the first of the conjectures above) is that the cycle [W2] The proof is a computation using our explicit integration scheme [P4, §7] , which we use here to integrate over various cycles in M rather than just over M itself as in [P3] . One ingredient of our approach is a simple lemma about any matrix-model, which allows us, in effect, to apply Stokes' theorem one cell at a time on jM.
Using our coordinates on the Teichmiiller space, the geometry leads naturally to exactly the Hain-MacPherson version of Rogers' function [HM] as well as to the Abel-Spence functional equation which Rogers' function satisfies. This paper is organized as follows. Section 1 is dedicated to a quick review of the necessary decorated Teichmiiller theory, and Section 2 presents our lemma about matrix-models. Various computations with our coordinates are performed in Section 3 in order to prove in Section 4 that Witten's putative cycles are indeed cycles. The computation of the compact Poincare dual of the Weil-Petersson Kahler two-form is presented in Section 5. Section 6 is devoted to closing remarks, among which are various comments on the vagaries of compactifying M in the setting of this paper.
It is a pleasure to thank Ed Witten for many stimulating conversations and to acknowledge the intellectual debt to him of some of the work presented here. Jean-Louis Loday patiently explained connections between polylogarithms and K-theory and made many valuable comments. Not the least of these comments educated me about the Abel-Spence relation and thereby substantially shortened the proof given here (whose original sketch went through a painful partial derivation of the Abel-Spence relation). There were also stimulating and informative discussions with Osmo Pekonen and Dennis Sullivan. Let me finally thank Universite Louis Pasteur and the Finnish Mathematical Society, especially Seppo Rickman, for support during Winter, 1990.
BACKGROUND
We begin by reviewing the decorated Teichmiiller theory [P1]- [P4] and refer the reader to [P3, §3] for a more extensive review.
Let Fg denote a fixed genus g oriented topological surface with s > 1 punctures, where 2g -2 + s > 0. The (pure) mapping class group MCg of F* is the group of isotopy classes of orientation-preserving diffeomorphisms of Fg which must pointwise fix the punctures (whereas we consider the impure mapping class group in [P1]- [P4] Suppose that P G T* and a is (the isotopy class of) an arc, as above, connecting punctures in Fg. Straighten a to a geodesic for P, choose a lift of a to a geodesic in the hyperbolic plane, and consider the ideal points to which this lift is asymptotic. The decoration on T determines a pair of horocycles centered at these ideal points, and we define the lambda length of a and P to be A(a;f) = \/2^, where 6 is the signed hyperbolic distance between these two horocycles. This quantity is clearly independent of our choices, and we have Theorem A (Theorems 3.1 of [PI] and A.2 of [P3] Another ingredient of the decorated Teichmiiller theory is the MC^-invariant "cell-decomposition" oiT*, whose attendant combinatorics is effectively captured by fatgraphs and the matrix-model. Recall that a fatgraph is a onedimensional CW-complex together with a cyclic ordering on the collection of half-edges about each vertex. One associates a surface to a fatgraph in the natural way, and a marking in the usual sense on this surface is called a marking on the underlying fatgraph. A cell in the decomposition of Tg corresponds to an Led., and an Led., in turn, corresponds via Poincare duality on the surface to some marked fatgraph. We shall require both the i. If A is an ideal triangulation of F* and e is an edge of A, then the component of (Fg -A) U {e} containing e is either a once-punctured monogon or a quadrilateral. In the latter case, we may replace e with the other diagonal e f of the associated quadrilateral to produce a new ideal triangulation A' = (A -{e}) U {e'}. We say in this case that A' arises from A by applying an elementary move along e. By definition, the corresponding fatgraphs are related by Whitehead equivalence. To analyze the structure of cells in the decomposition, fix some G G Gg- We shall only have occasion below to consider integrals of closed forms over certain cycles of non-compact support on M s g . Namely, suppose that Z is a p-cycle of non-compact support in the "cell-decomposition" of T* which is invariant under the action of the mapping class group MC*. Thus, the push-
is the forgetful map, and it is cycles of this type which we shall consider in the sequel.
To establish notation for such cycles, enumerate the MG^-orbits of p-cells 
where 0*(£) is the pull-back of £ to a p-form on T g , and each T>(Gk) is given its specified orientation.
Remark 1.1. It is not difficult to prove that the projection T g -> M s g is an embedding on the closures of cells in the first barycentric subdivision of the "cell-decomposition" of T*. In fact, the second barycentric subdivision of the "cell-decomposition" actually descends to a "simplicial decomposition" of M.
s g (where the final quotation marks are explained as in the introduction); this point is discussed further in Section 6. One can easily extend the integration scheme above to one that allows arbitrary cycles of non-compact support on M s g in this first barycentric subdivision. In fact, this modified and more general integration scheme is already suggested by Lemma 2.1 below. On the other hand, we shall not need this more sophisticated integration scheme in this paper. 
is a sensible definition, and u is thus a canonical orientation on Tg.
If G G Qg is a cubic fatgraph, then V{G) inherits an orientation from that of JT 5 , and the integration scheme in Theorem D becomes JM* ^ #Aut [G\ Jv(G) with the understood orientation on each V(G), where the sum is over all unmarked isomorphism classes of cubic fatgraphs whose corresponding surface is homeomorphic to F*.
FATGRAPHS AND STOKES' THEOREM
If G E Q 
and choose a linear ordering on A -A(G). Then there is a canonically determined orientation on T>(G).
This is the way in which we shall typically specify an orientation on a cell of T in the sequel. Of course, in the special case that G G (*i), the unique non-triangular region complementary to A(G) in F is an ideal quadrilateral, and an orientation on T>{G) is thus determined by a choice of diagonal of this quadrilateral.
To understand how these orientations transform, suppose that A, A' are ideal triangulations of F, where A 7 arises from A by applying a single elemen-
A'
tary move, and adopt the notation of Figure 1 , where the lower-case symbol next to an edge indicates its corresponding lambda length, and the edge labelled x' of A' corresponds to the edge labelled a; of A. At the same time, we shall let the corresponding upper-case letter X and X' denote the simplicial coordinate of the respective edges. As was promised in the introduction, the formula ab{c 2 + d 2 -e 2 ) + cd(a 2 + b 2 -e 2 ) E = abode defines the simplicial coordinate E on the edge labelled "e" in terms of the lambda lengths a, 6, c, d, e of nearby edges. The analogous formula is used to define the simplicial coordinate of any edge.
Recall (see [PI] or [P3] ) that up to the action of the Mobius group,, there is a unique lift of the vertices of the quadrilateral illustrated in Figure 1 to points in the light-cone in Minkowski space so that the lambda length of each edge is the square-root of the negative of the corresponding Minkowski inner-product. The closed convex hull of these points is a tetrahedron, and the signed volume V of this tetrahedron is related to the simplicial coordinate E on the edge labelled e by the formula V -abode E. This gives a geometric interpretation to the simplicial coordinate. 
Letting X denote the simplicial coordinate of an arbitrary edge of A, we have X f = X, ifXi{A,B,C,D,E} E'^-E, B' + C = B + C + E, A' + B' + E' = A + B, A' + D' = A + D + E, C'+.D' + E' = C + D.
The proof follows immediately from the definition of simplicial coordinates as the reader can easily verify. Actually, we shall only require the second formula E' = -E in the sequel but include these other linear formulas here for completeness.
Proposition 3.3. Continuing with the notation developed above for Figure 1,
we have
(ii) det d^;^^ < 0 provided A = C = 0, where det denotes the determinant, and Q(X\ x^) denotes the Jacobian of (-Xi,..., X'n) with respect to (Xi,..., X n ).
Proof We begin with part (i), and observe that
by the second part of Lemma 3.2. Thus, we must show that ^-> 0 if C = 0, and this is obvious from the geometric interpretation of simplicial coordinates: Increasing the simplicial coordinate C from zero alters the configuration of points in the light-cone in such a way that the corresponding tetrahedron has positive volume, and this in turn implies that C" must have increased from zero as well. 
V(G). Then Qi = O2 if and only if j is even. That is,
(i) Ifj = 0(2), then fti = +fl2-(ii) Ifj = 1(2), «ien fii = -ft 2 .
Proof Suppose that vi, V2 are consecutive vertices of P occuring in this order in a counter-clockwise traversal of the frontier of P, and enumerate A Vl = {efc}^= 1 , where the ordering on subscripts as before reflects the canonical ordering induced by the orientation of F. Set AQ = A Vl , and recursively define A^ to be the ideal triangulation derived from A^_i by an elementary move along e^, for £ = 1,..., jV The edge ee of A^_i gives rise to an edge e^ of A^ in the natural way; see Figure 3 .
As in Lemma 3.1, the specification of co-normal vector
determines an orientation on P(A^), where Ek (and E' ki respectively) denotes Proof. We first show that W^ is a cycle, and suppose that G G W^i and
Gi G (*2i+i) with V{Gi) C V(G).
There are the following two possibilities for A(Gi): Either it has one complementary (2i + 4)-gon in F, or it has a complementary (2i + 3)-gon in addition to a complementary quadrilateral in
F.
In the first case, Lemma 4.1(ii) (together with symmetry) shows that the coefficient of V(Gi) in the boundary of W2z must vanish. In the second case, there are exactly two cells in Q with T>(G) in their boundary, and these contribute with opposite signs by the second part of Lemma 3.2. We again conclude that the coefficient of V(Gi) must vanish, so the chain W^ is indeed a cycle.
Since the action of the mapping class group preserves the "cell-decomposition" and any mapping class is induced by an orientation-preserving homeomorphism of F, it follows that W^ descends to a rational cycle of non-compact support on the moduli space, as was asserted. □
Let [Wii] denote the cycle of non-compact support on M. corresponding to
W2i by the previous theorem.
THE DUAL OF THE WEIL-PETERSSON KAHLER TWO-FORM
This entire section is dedicated to a proof of Our proof is computational and relies on the integration scheme. Hyperelliptic fatgraphs occur in codimension 0, 1, or 2 only for the surfaces F^FQ^F^ and we assume to begin with that our surface F* is not among these exceptional cases. As before, we shall also typically drop the subscript g and superscript s.
For this section only, we establish the conventions that for any real quantity x defined on T, we set
Thus, for any cubic fatgraph G the Weil-Petersson Kahler two-form on the corresponding moduli space is given by where the sum is over all vertices v of G, and we assume that lambda lengths of the half-edges of G incident on v are a, 6, c in this cyclic order (as determined by the fattening).
Suppose now that 77 is a closed (Qg -8 + 2s)-form of compact support on M.
Our main task here is to compute J M ojAr]. According to the usual integration scheme applied to a volume-form on M, we have where each V(G) is given the orientation induced by cu (as in §1).
where the sum is again over all vertices of G and the notation is as above for u. Notice that £G is not invariant under Ptolemy transformations (see [PI] and [P4] ), but £0 is clearly "natural" in the sense that for any / G Aut(G)^ Notice that for each edge e of A(G), A(G) -{e} is an i.c.d. of F if F is oncepunctured, whereas in the multiply-punctured case, there are codimension-one faces of V(G) lying "at infinity" (and, of course, 77 vanishes on these faces).
For any Gi e Q so that [G,Gi] 
GIKGI) be the orientation on T>(Gi) induced as a face of T>{G) with its specified orientation. Thus, / a; A 77= V , I
^GAT?
where we have used naturality of £c and the hypothesis that 77 is compactly supported in order to apply Lemma 2.1 in the last equality.
FIGURE 4
Choose now an orientation on T>{Gi) for each Gi G (*i) (that is, choose a diagonal e of the quadrilateral complementary to A(Gi) in F), and let the other possible diagonal be denoted /, as in Figure 4 . In order to proceed and apply Lemma 2.1, we must address the invariance of the integrals in the previous equation. There are two kinds of pairs (Gi, G2) here:
case ( Pairs of the latter type obviously admit no non-trivial automorphisms. Consider a pair (Gi, G2) of the former type. An automorphism L of the pair must fix the quadrilateral complementary to A(Gi), and we choose a diagonal e of this quadrilateral, t may preserve e setwise (in which case the orientation on V[G U G2}{G2) and CGI are both unchanged), or it may not (in which case the orientation on T>[ GliG2 ](G2) and CGI both change sign).
Thus, we may apply Lemma 2.1 (again using that 77 is compactly supported), to the effect that
The terms in the previous sum are of two types as in case (a) and (b) above.
In the former case, A(G2) has a pair of complementary quadrilaterals, and there are four fatgraphs G^, G^, G^, G^ whose corresponding cells are incident on that corresponding to G2, as illustrated in Figure 5 . Owing to the change of orientation, the contribution from [G*, G2] annihilates the contribution from
[Gin, G2], and the contribution from [Gu, G2] annihilates the contribution from
In the remaining case (b), A(G2) has a complementary pentagon P, and we adopt the notation for the frontier edges and vertices of P as in Figure 6. (The subscripts will be taken modulo 4 here, so v 5 = Vi for instance.) There is a natural correspondence between the frontier edges and the various possible diagonals of P (as is also indicated in the figure), and we adopt the notation of Figure 6 for these diagonals. We also illustrate in Figure 6 A(G 2 )
We shall require these identities below but omit the proofs (which are standard computations of anharmonic ratios). Now returning to the previous computation, we have
where L denotes Dupont's version [Du] of Rogers' function (so tp = 2L + ^■).
where /x* = {^o : • In fact, we have studied a particular compactification which arises quite naturally and next briefly survey this work-in-progress to discuss certain conjectures in the current context. We shall limit the discussion here to the case of once-punctured surfaces just for simplicity. In this case, the decorated Teichmiiller space T « T x R is a product, where T denotes the Teichmuller space. By definition of lambda lengths and homogeneity of our formulas, the coordinates on T descend to projective coordinates on T, and, what is more, the "cell-decomposition" of T descends to a "cell-decomposition" of T.
There is thus an embedding T -> ^4, where A is the simplicial complex (considered in [Ha] ) consisting of all projectively weighted familes of isotopy classes of disjointly embedded essential arcs in the surface with endpoints at the puncture. A itself is therefore simply the natural simplicial completion of T C A.
The mapping class group acts on A in the natural way, and we let M! denote the quotient. Simplices in A -T have infinite isotropy As alluded to in the Remark following Theorem D in Section 1 above, the second barycentric subdivision of A descends to a true simplicial complex on M'. CONJECTURE 6.1. M' is an orbifold.
In the setting of planar surfaces (for which the simplicial completion of T is not all of A and we do not here define M'), we have proved the corresponding conjecture using a rather involved argument.
It is a non-trivial geometric fact that there is actually a natural continuous It is appealing to believe that the computational scheme employed here might be a useful tool for deriving analogues of Rogers' function and its AbelSpence functional equation for higher poly logarithms. Of course, a fundamental ingredient for us is an explicit hyperbolic formula for the Weil-Petersson Kahler two-form (namely, the formula in Theorem A, which, in turn, depends on [Wl]), and the lack of such a formula for the higher Miller-Morita-Mumford classes could be a basic obstruction to such a dream.
